We then show that for each eigenmode n = 1,2,3,..., there exists a unique loading value X(n) that makes the above mentioned determinant zero5 and hence conclude that the cylinder will eventually become unstable when compressed in an axial direction.
Our main results concern the dependence of the loading value A (where instability occurs) on the parameter n. These results allow us to conclude that:
(i) for a given value of \ at most two eigenmodes can occur; (ii) for sufficiently thick cylinders n = 1 is the eigenmode that occurs first6; (iii) for sufficiently thin cylinders n = 1 is not the eigenmode that occurs first; (iv) there exist cylinders whose first point of instability occurs at two distinct eigenmodes simultaneously.
Finally, we use numerical techniques to obtain a global picture of the dependence of \ upon n. We denote by In(t) the modified Bessel functions of the first kind, so that /" are globally analytic solutions of the differential equation t2i 'n(t) + tin(t) -(t2 + n2)I"(t) = 0, and are given by
Notation. We let
This infinite series formula can be used to prove that I0 and /, satisfy the recurrence relations 70(0 = /,(0, r/,(f) = '/<>(')-/>(') (1-2)
It can be shown7 that /0 and /, have asymptotic expansions 5 In [9] we prove the existence of such a loading value for a larger class of materials, the Hadamard-Green materials. The existence analysis in this paper is a special case of that result.
6This contrasts with results of Sawyers & Rivlin [7] and Sawyers [8] for incompressible materials. Their analysis indicates that X increases with n for barrelling and hence the first mode is n = oo. This is thought to be exhibited physically as surface wrinkling. 7Cf. Copson [6] , pp. 72-75 where asymptotic expansions for J0 and 7, are rigorously derived using Watson's Lemma. A simple consequence of the recurrence relations (1.2) and the infinite series (1.1) is that v satisfies
One can also use (1.3) and (1.5) to establish the asymptotic estimates 1 3
Finally, we will make use of the following results. 2. The constitutive relation. The non-linear problem. We consider a homogeneous body $ and identify ® with the region (of R3) it occupies in a fixed homogeneous reference configuration. A deformation f of the body is a member of the space Def = {f G C2(®,R3): det vf >0}.
We assume that the body in the reference configuration is in the shape of a right circular cylinder of height L and radius R. In rectangular coordinates we take
with lateral surface
The remaining two pieces of 9®, the top and bottom of the cylinder, we denote by Gr and Qg, respectively.
We assume that $ is hyperelastic with (Piola-Kirchhoff) stress S: Lin+ -> Lin given by Proposition 3.1 [9] . Let A e (0,1). Then any C2 solution (6,1) of (3.2), (3.3), and (3.5)
can be written 00 00 0(r, z) = 2 t(r)oos(pnz), l{r, z) = % l"(r) sin(pnz). We next want to show that there is a A £ (0,1) such that our linear problem, in the form (3.2)-(3.5), has a non-trivial solution. Clearly, Proposition 3.1 reduces this problem to that of finding a X such that one of the solutions {0,1) to (3.2), (3.3), and (3.5) satisfies the boundary condition on the lateral surface (3.4). We note that (3.6) and (3.7) give necessary and sufficient conditions for (6,1) to satisfy (3.4) namely where
-pnt'/2 rd/dr and (6n, /") is a linear combination of (0IU, /",), i = 1,2.
Since we desire a non-trivial solution, (0", /") must be non-zero for at least one n. We therefore conclude, with the aid of Proposition 3.1, that a necessary and sufficient condition for the existence of a solution to (3.2)-(3.5) is that det-l B.
for some n. If we substitute (3.7) into the last we conclude, with the aid of (3.8) and (1.2), that (3.10) where v(r) = rl0(r)/lt(r). We now prove that for any given value of p = p" R = nvR/L equation ( 'The existence portion of this proof is a special case of the existence result presented in [9] . We have decided to re-present it since the special material used in this paper allows us to greatly simplify the proof.
To prove (3.13)2 we note that as X -» 0+ , t -» oo, and hence f2/t -»(m + l)/(m + 2).
It then follows from (3.12)2 that R is bounded as X -» 0+ . But by Proposition 1.1, v and v are strictly positive. Thus v(pf ) -> +00 and hence by (3.12), we conclude (3.13)2. This completes the existence portion of the proof.
Uniqueness. By (3.12)3 we see that /is strictly monotone in X so that we could just as well consider (3.10) as a relation between p and /and seek roots / of H. Thus we rewrite and v = v(p). We will show that H is a strictly convex function of / for / > 1. This allows us to conclude that there is at most one/satisfying (3.16) (since H(p, 1) = 0) and hence at most one \ satisfying (3.11).
Since v is strictly positive (cf. Proposition 1.1), it suffices to show that -4<0 for all/s* 1. We show that the quantity in braces is strictly negative for all f > 1. Put x = f2 and define Q(x) to be the quadratic in braces. It clearly suffices to show that both 0(1) and Q(\) are strictly negative. The desired result now follows from v > 2 (cf. Proposition 1.1 and equation (1.5)2). This establishes the uniqueness of the root X of (3.11).
Differentiability. By the implicit function theorem the continuous differentiability of /(p), and hence A(p), follows provided we know that (p./(p)) *=0.
Since H is zero at / = 1 and / = /(p), we can apply Rolle's Theorem to conclude that there exists an f* E (1, /(p)) such that Hf(p, /*) = 0. But H is strictly convex and hence Hf is a strictly increasing function of /, thus 3 H, a/-(p,/(p))> 0. (3.19) This completes the proof. □ 4. Discussion. Further results. In this section we derive further information concerning the dependence of A on p ( = ntrR/L). We show that the function A = A(p) is strictly decreasing for large p and strictly increasing for small p, and that it has no local minima. These results along with those of the previous section lead us to the following conclusions.
For a given geometry (ratio R/L) and a given mode number n there is a (unique) corresponding A" £ (0,1) such that the linear problem (3.2)-(3.5) has a nontrivial solution. Letting Acr = sup{A": n = 1,2,3...}, and noting that Acr = A" for some finite value of n, we find that for A G (Acr, 1 ] the nonlinear homogeneous solution fA (cf. (2.4)) is stable with respect to axisymmetric (barrelling) perturbations and that at A = Acr this stability breaks down.
In addition, the absence of local minima in the function A(p) implies that at most two modes can occur simultaneously as nontrivial solutions of the linear problem. Clearly, it would be of interest to know precisely which value of n yields the largest A". To date we have been unable to determine this analytically. However, the results of this section do tell us that for sufficiently thick cylinders (R/L » 1), n = 1 yields the largest X while for sufficiently thin cylinders n -1 does not yield the largest X.
We first investigate the asymptotic behavior of A(p) near zero and infinity. where t = t(p). Now Theorem 3.2 implies that t(p) is a C1 function for p e (0, oo) and moreover that t(p) E (1, oo) for the same p. Clearly, the only way (4.4) can be satisfied is for f(p), and hence/(p), to become infinite. This proves (iii).
To prove (iv) we assume, once more for the sake of contradiction, that there is a sequence pt -> 0 such that p,/(p,) -» 0. If we let p = p, -> 0 in (3.12) we find, with the aid of (1. To analyze the behavior of d\/dp near zero and infinity, we differentiate (3.11) with respect to p to conclude dX _ 3 H, , u 9// , , Î n view of (3.12)3 and (3.19) we find that Hx(p, X(p)) is strictly negative and hence that SgnJp = Sgnl)f(p' A^p»" T heorem 4.2. There exists a p0 > 0 such that
Proof. In view of (4.5) we prove that Hp(p, X(p)) is strictly positive for p E (0, p0). If we differentiate (3.12) with respect to p we find that
We note that by Proposition 1.1, v is strictly positive on (0, oo). Thus if we let p -> 0 in (4.7) we discover, with the aid of (3.12)3, and Proposition 4.1(iv), that the right-hand side of (4.7) is strictly positive for sufficiently small p. This gives the desired result. □ We next get more precise information on the asymptotic behavior of A(p) near infinity. We note that a simple computation shows that both the cubic polynomial and its first derivative are negative at one and hence that the polynomial has a unique root greater than one. Proposition 4.l(i) and (3.12)3 then allow us to conclude that t(p) tends toward this root. This concludes the proof. □ We next analyze the behavior of d\/dp near infinity. Theorem 4.4. There exists a p, > 0 such that X(p) < 0 for p E (p" oo).
Proof. In view of (4.5) we prove that Hp(p, X(p)) is strictly negative for p £ (p,, oo). If we differentiate (3.12) with respect to p we find, with the aid of (4.8) , that P^ = pMpD ~ TJ2pv{p). Proof. We first note that by (3.19 ) and the implicit function theorem, the function A(p) is C2. If we differentiate H(p, A(p)) = 0 twice with respect to p and let X = 0 we find that H" = 0, X = ~Hpp/Hx.
By (3.12)3 and (3.19) it therefore suffices to prove that Hpp < 0 whenever Hp = 0. If we differentiate (3.12) with respect to p we find that Hp=fv(pf) ~ -f2v(P)> Hpp =f2v(pf) ~ I' z/^p).
Thus, using Hp = 0, we conclude that
where w(t) = tv(t)/i>(t). Now, by Proposition 1.1, t) is strictly positive, while by the proposition in the Appendix w is strictly decreasing. Thus, since /> 1, we conclude that Hpp < 0. This concludes the proof. □ 5. Numerical results. In Fig. 1 we plot the curve A(p) that solves H(p, A(p) ) = 0 when m = 13.3. Other values of m between .1 and 1000 gave essentially the same picture.
If one wants to find the mode and loading value at which instability first occurs, first fix values of R and L and plot the points p" = n it R/L (for n = 1,2,...) on the p axis. Then plot the points (p", A(p")) using the graph. The highest point A(p") determines both the eigenmode n and the first A. We note that if ttR/L > .59 then n = 1 is the first eigenmode to bifurcate. If ttR/L G (.32, .59) then n = 2 comes first and if nR/L G (.23, .32) then n = 3 comes first, etc.
Remark. It follows from Theorem 4.2 and Theorem 4.4 (or the above graph) that there exists geometries (ratios R/L) such that the largest A, at which instabilities occur, can have two eigenmodes associated with it. Since the maximum value of A, Amax, and the asymptotic value of X, are so close to .45 for any R/L the corresponding value of Acr will always be near .45, i.e. instability always occurs for A near .45.
Remark. We note that our numerical results are not consistent with the experiments of Beatty & Hook [2] and Beatty & Dadras [1] . While our largest value of Acr never exceeded .45, their smallest value was never less than .70. The most likely reason for this is that our choice of constitutive relation ((2.1)) is not appropriate for solid rubbers.
Appendix. We prove a result concerning the function w(t) = tv(t)/v(t).
Proposition. vv(/) is strictly negative for t G (0, oo).
Proof. If we differentiate (1.5), we find that 
